Abstract-In this paper, we study a differential system employing orthogonal space-time block codes (OSTBC) with -PSK, -PAM, and -QAM constellations, over arbitrarily correlated Ricean fading channels. The symbol error rate (SER) performance analysis of such a differential system is performed using a memoryless precoding matrix at the transmitter. Monte Carlo simulations are carried out to verify the validity of the SER expressions. The SER formulas can predict the behavior of differential system closely for moderate to high values of signal to noise ratio (SNR). The proposed precoded differential codes differ from the previous works by: 1) The precoded differential code is proposed for the arbitrarily correlated Ricean channels, whereas, existing work is applicable for Rayleigh fading channels using Kronecker model with transmit correlation only. 2) The previous work is applicable to the OSTBC with -PSK signal constellations only, whereas, the proposed precoded differential coding works with -PSK, -QAM, and -PAM constellations.
I. INTRODUCTION

M
ULTIPLE-INPUT MULTIPLE-OUTPUT (MIMO)
communications systems [1] - [3] are proposed to provide high capacity and diversity gains as compared to single-input single-output (SISO) systems. Reasonably high data rates and good quality of service suitable for the next generation wireless systems and multimedia services can be achieved by applying Space-Time Block Codes (STBCs) into the MIMO systems [4] . STBCs are used to provide diversity along both the time and space dimensions [3] . However, the coherent detection of STBC requires perfect channel state information (CSI) at the receiver, which is gained by transmission of training/pilot data at the cost of reduced effective data rate. Furthermore, coherent detection is suitable only for slow fading Manuscript received July 13, 2007; revised February 8, 2008 . This work was supported by the Research Council of Norway Project 176773/S10 called OptiMO, which belongs to the VERDIKT program. Part of this paper was presented at the Asilomar Conference on Signals, Systems, and Computers, Monterey, CA, November 2007. The associate editor coordianting the review of this manuscript and approving it for publication was Dr. Hamid Jafarkhani.
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Digital Object Identifier 10.1109/JSTSP. 2008.920669 channels that remain constant for many symbol durations. For fastly varying channels, this method does not work well, since the channel estimates are very poor when it is going to be used by the receiver. Differential STBC may be used to overcome this difficulty and improve the data rate. In [5] - [10] , the differential STBC for unitary and nonunitary constellations are proposed. These codes have a simple encoding structure and their decoding does not need the exact knowledge of the channel coefficients. However, the performance of differential system will be degraded when the channel becomes correlated. Though the channel correlation is an important practical problem, the differential schemes have not been studied so far in details with the channel correlation in MIMO channels. In [11] , the eigen-beamforming precoder for differential orthogonal space-time block code (DOSTBC) with -PSK constellation over Rayleigh fading channels is proposed. This precoder is based on Chernoff bound of approximate SER derived in [11] for a multiple-input single-output (MISO) system. It is also assumed that the correlation follows the Kronecker model with only transmit correlation existing in the MIMO channels [12] . However, this model does not always render the multi-path structure correctly [13] , but it introduces artifact paths that are not present in the underlying measurement data. Moreover, the Kronecker model underestimates the mutual information of the MIMO channel systematically [13] . The practical wireless channels also have line-of-sight (LOS) components, therefore, a channel model with Ricean distributed and arbitrarily correlated channel coefficients can provide more insight of the practically correlated MIMO channels in a more precise manner [13] . In [14] , precoded DOSTBC with -PSK constellations over arbitrarily correlated Rayleigh channels are proposed.
In this paper, our main contributions are as follows: 1) We derive SER for precoded differential system based on orthogonal square STBC with -PSK, -QAM, and -PAM constellations for arbitrarily correlated Ricean channels. 2) We also propose how to design a precoder based on the derived SER criterion for differential orthogonal STBC to improve the performance of differential system over correlated Ricean channels.
The rest of this paper is organized as follows: In Section II, differential encoding of square OSTBC with -PSK constellation, correlated Ricean MIMO channel, and differential decoding are discussed. Section III performs SER analysis of the precoded differential OSTBC with -PSK constellation. The SER performance analysis of differential OSTBC with -QAM and -PAM constellations is conducted in Section IV. In Section V, precoder design for differential systems is explained for the three signal constellations studied. Performance simulation results are discussed and compared in Section VI. Section VII provides some conclusions. The article contains two appendices, which present the derivation of one decision variable and probabilistic distribution of noise terms in a decision variable.
Notation: is used for a matrix, denotes a vector, variable is represented by or defines a set of matrices with complex entries, stands for the Hermitian, is used for the transpose, provides complex conjugate, represents the expectation operator, represents the probability operator, is the trace operator, the squared Frobenius norm of a matrix and Euclidean norm of vector is denoted by stands for the identity matrix of size is used as vectorization operator, which stacks the columns of matrix in a column vector, and are used as the real and imaginary operators, respectively, which return only the real and imaginary parts of the matrix they are applied to.
II. DIFFERENTIAL MODULATION FOR OSTBC WITH -PSK OVER CORRELATED CHANNELS
A. Differential Encoding for OSTBC
Let be an OSTBC data matrix obtained at block from -PSK constellation and . In Fig. 1 , it is shown that a differentially encoded data matrix can be obtained from as
In general, we transmit the following data matrix at any block (2) where is the initialization matrix. Channel correlation degrades the performance of the differential MIMO system. For improving the performance of the differential OSTBC let us introduce a full memoryless precoder matrix before the differentially encoded OSTBC matrix transmitted at block as shown in Fig. 1 . Hence, we transmit the precoded differential OSTBC matrix at block .
B. Model of Correlated Channels
We assume flat block-fading correlated Rice-fading channel model [12] with transmit and receive antennas. Let be a general positive-definite autocorrelation matrix for the fading part of the channel coefficients and be the mean value of the channel coefficients. The mean value corresponds to the LOS component of the MIMO channels. The factor is Ricean factor [12] . A channel realization of the Ricean correlated MIMO channels can be given as (3) where is the fading part of the MIMO channels and it can be expressed in terms of as , where is the unique positive definite square root [15] of the correlation matrix , which is assumed to be invertible, and is an matrix consisting of complex Gaussian circularly distributed and independent components with unit variance and zero mean. As , it follows that . Kronecker Model: A special case of the model given above is Kronecker model, which can be represented as ( [12] , (3.26)) (4) where is receive correlation matrix and is transmit correlation matrix. Hence, the MIMO channel following the Kronecker model can be represented as (5) This model is appropriate for the scenarios where only the objects surrounding the transmitter and the receiver cause the correlation of the local antenna elements, while they have no impact on the correlation at the other end of the link. However, we use a generalized model of correlation, which take into account the coupling between transmit and receive sides and characterizes the realistic channels more accurately [13] . Whereas, the previously proposed differential code based on eigen-beamforming precoder [11] considers the Kronecker model with transmit channel correlation only.
C. Decoding of Precoded Differential OSTBC
The received data matrix at block is (6) where is an matrix, containing additive white complex-valued Gaussian noise (AWGN), whose elements are i.i.d. Gaussian random variables with zero mean and variance . is channel matrix, which is assumed stationary over the transmission period of at least two consecutive transmitted matrices ( and ). From (1) and (6), it can be verified that if and are known, then and are distributed according to and , respectively, since and are distributed as . By using the unitary property of , it can be shown that ML decoding of based on and can be performed as follows: (7) where is the set of all OSTBC matrices, consisting of symbols belonging to the -PSK constellation.
III. SER PERFORMANCE ANALYSIS OF PRECODED DOSTBC WITH UNITARY CONSTELLATIONS
As is an OSTBC, it can be expressed as [16] 
where and are matrices with real or complex elements, which depend on the OSTBC. Furthermore, also satisfies the following [16] : (9) where is scaling factor. It can be seen from (2) that if , the power of will in general vary at each block . If , the power of will keep on increasing at every block and for the opposite takes place. Hence, for the differential encoding we keep . For the simplicity, we set in the rest of the paper such that as well, where the variance of each -PSK symbol is . If , where is vector and , where is vector, it can be shown by (9) that (10) The received data matrix and AWGN noise matrix in (6) can be written as and , respectively, where and are vectors. Let be the transmitted data vector encoded into and its estimated value is given by . With the help of the notations in (8), (9) , and (10), and from (6) the received data vector corresponding to can be given in the following form: (11) We may rewrite the decision metric (7) with the help of (8) and (11) as follows: (12) where represents the -PSK constellation. Using (6) and (11), (12) can be written as (13) where . A simplified but approximate decision variable corresponding to (13) is obtained in Appendix I and written as (14) where is the vector consisting of the total noise in the decision variable. It can be seen from Appendix I that for obtaining (14) , we neglect two noise terms, which depend on the signal . This makes the decision variable of (14) approximate. However, it can be seen from (50) in Appendix I that at high SNR values, these noise terms has very little effect on the decision, and, therefore, (14) can be treated as a good approximation for moderate to high SNR values. This fact is also verified by the simulation results shown in Section VI. If is known, the distribution of can be found by using the orthogonal properties of (10) . It can be shown that [17] (15)
If
and it can be seen from (15) that . Let be a positive semidefinite matrix of size . Let the eigenvalue decomposition of be given by . Next, by using the following properties of trace and vec (vectorization) operator [15] , [18] : (16) it can be shown that and we can define the real nonnegative scalar (17) With the help of can be expressed into simplified form as (18) where is -th eigenvalue of represents -th element of the vector, and is distributed as . It can be seen from (14), (15) , and (18) , that the MIMO system is collapsed into single-input singleoutput (SISO) systems having the following approximate input output relationship (19) for , and where is distributed as . Hence, we have found an approximate equivalent nondifferential PSK SISO model for differential MIMO system. For the SISO system of (19) the probability of error of transmitting and receiving given can be written as [ [19] , (8.23)] (20) Next, the average SER can be obtained by taking the expectation value of (20) over the channel as follows: (21) where and is the moment generating function (M.G.F.) of . As (22) it can be shown that the M.G.F. of can be written as (23) [ [20, eq. (4a) ]] Define the positive semidefinite matrix as (24) From (21), (23) , and (24), the SER of the precoded differential OSTBC with -PSK constellations can be expressed as (25) where (26) is a real nonnegative scalar function of the LOS component , the Ricean factor , and the correlation of the channel .
IV. PRECODED ENCODING AND DECODING OF DOSTBC
FOR -PAM AND -QAM CONSTELLATIONS Let -QAM or -PAM constellation, it can be seen from (9) that varies from one block to the other, whereas for -PSK is constant. Here, if we apply the differential encoding of (1), the peak power will fluctuate from one differential block to the other and might become very large. Hence, we need to modify the differential encoding for the nonunitary constellations. This is done by sending a modified at block as (27) The received data at block will be (28)
In general, we transmit the following data matrix at any block
In this case, the optimal decoder does not get reduced into a simplified form of (7) due to the nonconstant Frobenius-norm of . Hence, we will use the following decoder for our analysis and simulation:
where is the set of all OSTBC matrices, consisting of symbols belonging to the finite -QAM or -PAM constellation. It is shown in ( [8] , Section V) that for DOSTBC with nonunitary constellations, (30) can be used as the suboptimal decoder, which performs almost like (identical to) the optimal decoder. It can be further noticed from (30) that decoding of through (30) requires the knowledge of the previously transmitted data . Hence, the receiver will use the estimate of for the decoding of . It is shown in ( [8] , Section V) that the decoding of (30) by using estimates of does not lead into any significant error propagation. Similar kind of observation is obtained in ( [21] , Section VI) in the case of differential quasi-orthogonal STBCs. We have also shown by simulations in Section VI-A that the performance loss by the use of the previously detected signals is negligible. We can obtain a simplified and approximate decision variable for the case of DOSTBC with nonunitary constellations also as (31) where and the distribution of is derived in Appendix II, which can be written as 
Let -QAM, where . If is an odd integer, the -QAM constellation will contain a constellation point in the origin [22] . It can be seen from (29) where is the distance between the adjacent signal amplitudes, and denotes the imaginary part of the complex quantity. It can be seen from (35) that , where denotes a function of variables and . The value of can be found in terms of as follows:
(36) Let us assume that all symbols are equiprobable and uniformly distributed, then from (34) and (35) we may write as follows:
The values of for some values of QAM and PAM constellations are listed in Tables I and II . It can be seen from (31) that MIMO system based on DOSTBC with nonunitary constellation also gets reduced into approximate SISO system with the similar relation as in (19) . It can be seen from (32) that , which is the counterpart of in (19) for the SISO relation for nonunitary constellation, is distributed as . In both cases, the definition of will remain the same as given by (17 MIMO system, and -PSK, -PAM, and -QAM constellations.
V. PRECODER DESIGN FOR DOSTBC OVER CORRELATED RICEAN MIMO CHANNELS
Let us assume that the receiver can estimate the channel correlation matrix , LOS component of the channel , Ricean factor , and noise variance , and feed these back to the transmitter. Based on these assumptions, a precoder can be designed for the differential OSTBC based on the SER formulations of (25) and (38) for arbitrarily correlated Ricean channels.
A. Problem Formulation
By using the properties of OSTBC, it can be shown from (1) and (29) that the average power of -th DOSTBC block for -PSK, -PAM, and -QAM constellation is (40)
The average power constraint on the transmitted block can be expressed as (41) where is the average power used by the transmitted block . The goal is to design a precoder such that the SER is minimized subject to the average transmitted power constraint:
(42)
B. Precoder Design
The constrained maximization problem (42) can be converted into an unconstrained optimization problem by introducing a positive Lagrange multiplier [23] :
To find an optimal solution of , we need to find the matrix derivation of the objective function in (43) with respect to and equate the result to zero. It can be shown with the help of ( [24, is the commutation matrix [18] of size and is a scalar which is chosen to satisfy the power constraint of (41). The first order derivative for DOSTBC using PSK, PAM, or QAM constellation is obtained from the theory given in [18] , [24] and ([25, Appendix XI]) as (47) We can use a fixed point iteration method to find the precoder matrix from (44), (46), and (47). An iterative method for fast convergence is explained in pseudo-code in Table III . The initial value for the precoder matrix should be chosen appropriately. The trivial precoder matrix can be used as the initialization matrix. Here, is a matrix of the size , taking the first rows and first columns from an identity matrix , where returns the maximum value of and . The parameters , and depend upon the system specifications. The parameter decides the termination of the iterative algorithm. The OSTBC is chosen according to the MIMO system specifications. The value of depends upon the chosen OSTBC. We did our analysis by including more degrees of freedom in terms of arbitrary , as compared to the conventional precoded MIMO systems. Hence, can be chosen arbitrarily, independent of . is a column vector for and , and it results into the conventional beamforming. Intuitively, for fixed OSTBC, , and , the higher the value of is the more will be the spreading and better will be the performance of the system. Apparently, the system complexity increases with the value of . However, for precoder cannot provide better performance than that of the case. Hence, is a good choice in terms of system complexity and optimized performance.
VI. PERFORMANCE RESULTS AND COMPARISONS
All the simulation results are achieved by channel realizations. The channel is assumed to be constant over two consecutively transmitted DOSTBC data blocks. ; 1 fi; jg n n , and n = n = 2. correlated, i.e., , Ricean and Rayleigh MIMO channels with , and Alamouti code [1] . It can be seen from Figs. 2 and 3 that the experimental results closely follow our analytical formulation of SER for dB. However, there is a slight mismatch at the SNR less than 5 dB. The reason for this is that the derived analytical SER formulations are based on approximate decision variables, therefore, the theoretical results slightly mismatches with the experimental results. Nevertheless, there is almost perfect match between theory and simulation in the practically most interesting SNR range above 5 dB for all constellations since at higher SNRs the neglected noise terms have little effect. In Fig. 2 , we have also shown the performance of genie added DOSTBC over uncorrelated Rayleigh and Ricean channels with 16-QAM constellation. Genie added means when we use (30) to recover the currently transmitted data, the previously transmitted data is perfectly known to the receiver. It can be seen from Fig. 2 that there is no significant error propagation for the because of the use of the estimate of the previously transmitted data.
A. Comparison of the Analytical and Simulated SER of DOSTBC With -PSK, -PAM, and -QAM
B. Comparison of the Proposed Ser Based Precoded DOSTBC With the Existing Precoded DOSTBC
We have performed the performance analysis for both systems for Alamouti code with , and QPSK constellation. The channel is assumed to be Rayleigh correlated at the transmitter side with . It can be seen from Fig. 4 that the proposed precoded differential STBC work better than the eigen-beamforming based DSTBC [11] . The reason for this performance gain is as follows: The proposed DOSTBC utilizes a minimum approximate SER precoder, whereas in [11] the precoder is designed based on the Chernoff bound of the approximate SER. 
C. Performance of Precoded DOSTBC Over Correlated Rayleigh and Ricean Channels
We have performed the performance analysis for Alamouti code with and , and QPSK constellation. The channel is assumed to be Rayleigh correlated with , with . It can be seen from Fig. 5 , that the proposed precoder works better than the trivial (identity) precoder for correlated Rayleigh channels, which do not follow the Kronecker model. Similar observation can be made from Fig. 6 , where we have shown the performance of differential system based on Alamouti code with and , and 16-QAM constellation. In this case, the channel is assumed to be Ricean correlated with , and . Our precoded differential system is applicable to any kind of correlated Ricean MIMO channels using PSK, PAM, and QAM constellations.
VII. CONCLUSION
We have derived the SER expressions for the precoded differential OSTBC over arbitrarily correlated Ricean MIMO channels, which can closely predict the performance of the differential system in the SNR range of practical interest. We have also proposed a precoder design for the differential orthogonal STBC to improve the SER versus SNR performance. The proposed precoded differential system not only works well in arbitrarily correlated Ricean MIMO channels but it also performs better than the previously proposed eigen-beamforming based precoded differential codes with the Kronecker correlation channel model with transmit correlations and one receive antenna.
APPENDIX I DERIVATION OF DECISION VARIABLE (14)
It can be seen from (13) that contains all the channel noise terms in the decoding equation. Using (10) , it can be shown that . For PSK constellation , hence . From (10) and (13) we may write a decision variable as [17] , [26] (48) To obtain a simplified decision variable, we neglect last two terms in (50). It can be seen from (49) that has in the denominator. Since we are putting the transmission power in , it can be seen from (49) that the value of reduces with increasing SNR. Similarly, it can be observed from (50) that the third term also has in denominator [see (49)], therefore, from the same argument, it also gets reduced with increasing SNR. Hence, the last two terms in (50) will have diminishing effect over the decision process for high values of SNR. It can also be verified by the simulation results shown in Section VI that there is a slight mismatch between theory and simulation for dB. Our approximation is valid for moderate and high SNR range. With these approximations, the decision variable can be written as (14) .
APPENDIX II DISTRIBUTION OF
Using (8) and (28), we may rewrite (30) as (51) where and . Using (10) , it can be shown that is distributed as . The decision variable corresponding to the DOSTBC with nonunitary constellations can be written as [17] , [26] (52)
where is defined as
If is known, the distribution of can be found by using the orthogonal properties of (10) . It can be shown that [17] (54) Hence, the distribution of can be found from (54). 
